In this paper, we consider higher-order Bernoulli and poly-Bernoulli mixed type polynomials and give some interesting identities for the polynomials arising from umbral calculus.
Introduction
The classical polylogarithm function is (see [4, 6] )
The poly-Bernoulli polynomials of index are de ned by the generating function (see [4, 6] ) 1) and the Bernoulli polynomials of order ∈ Z are given by (see [3, 5, 7, 8] )
(1.2) When = 0, ( ) = ( ) (0) are called poly-Bernoulli numbers of index and ( ) = ( ) (0) are called Bernoulli numbers of order . In the special case = 1, (1) ( ) = ( ) are called Bernoulli polynomials. When = 0, = (0) are called ordinary Bernoulli numbers. The higher-order Bernoulli and poly-Bernoulli mixed type polynomials are de ned by the generating function (see [4] )
From (1.1), (1.2) and (1.3), we note that 
5)
Let ℙ = C[ ] and let ℙ * be the vector space of all linear functionals on ℙ. Let also ⟨ | ( )⟩ denote the action of a linear functional on the polynomial ( ). It is well known that the vector space operations on ℙ * are de ned by ⟨ + | ( )⟩ = ⟨ | ( )⟩ + ⟨ | ( )⟩ and ⟨ | ( )⟩ = ⟨ | ( )⟩, where is a complex constant. For ( ) ∈ F with ( ) = ∑ ∞ =0 ! , let us de ne the linear functional on ℙ by setting (see [10, 11] ) ⟨ ( )| ⟩ = , ≥ 0.
(1.6) From (1.5) and (1.6), we observe that
where , is Kronecker's symbol.
Then, by (1.7) we see that ⟨ ( )| ⟩ = ⟨ | ⟩. Additionally, the map → ( ) is a vector space isomorphism from ℙ * onto F. Henceforth, F denotes both the algebra of formal power series in and the vector space of all linear functionals on ℙ, and so an element ( ) of F will be thought of as both a formal power series and a linear functional. We call F the umbral algebra. The umbral calculus (see [9] [10] [11] ) is the study of umbral algebra. The order ( ( )) of the power series ( ) ̸ = 0 is the smallest integer for which does not vanish. If ( ( )) = 0, then ( ) is called an invertible series. If ( ( )) = 1, then ( ) is called a delta series. For ( ) ∈ F and ( ) ∈ ℙ, we have
Thus, by (1.8), we get (see [10, 11] )
From (1.9), we have
and we easily see that
For ( ), ( ) ∈ F with ( ( )) = 1, ( ( )) = 0, there exists a unique sequence ( ) of polynomials such that ⟨ ( ) ( ) | ( )⟩ = ! , for , ≥ 0. The sequence ( ) is called the She er sequence for ( ( ), ( )), which is denoted by ( ) ∼ ( ( ), ( )). Let ( ) ∈ ℙ and ( ) ∈ F. Then, we see that (see [10] )
For ( ) ∼ ( ( ), ( )), we have
wherē ( ) is the compositional inverse of ( ) with̄ ( ( )) = (̄ ( )) = and (see [10, 11] )
. Then, we see that (see [10] )
where (see [10, 11] )
In this paper, we study higher-order Bernoulli and poly-Bernoulli mixed type polynomials and give some interesting identities for the polynomials arising from umbral calculus. This work was motivated by the papers [2] and [4] where such identities were studied by using the generating function technique.
Higher-order Bernoulli and poly-Bernoulli mixed type polynomials
From (1.3) and (1.11), we note that
First, we observe that
In [6] , it is shown that
Thus, by (2.2) and (2.3), we get
Therefore, by (2.4), we obtain the following proposition.
From (1.2), we can easily derive the following equation:
By (2.4) and (2.5), we get
In [6] , it is shown that 
From (1.13) and (2.1), we have ( , ) 
It is easy to show that
(2.10)
For any formal power series ( ) with ( ( )) ≥ 1, we have
(2.11) By (2.9), (2.10) and (2.11), we get ( , ) It is easy to show that
Applying to both sides of (2.2) and using (2.13), we get
Thus, by (2.14), we obtain the following theorem.
From (1.3), we note that
Therefore, by (2.15), we obtain the following theorem.
Now, we compute
in two di erent ways.
On the one hand,
On the other hand, we have
Therefore, by (2.16) and (2.17), we obtain the following theorem.
Theorem 2.5. For ∈ Z ≥0 , , ∈ Z, we have
Lemma 2.6 (see [4] ). For ∈ Z and ≥ 1, we have and 1 ( , ) is the Stirling number of rst kind.
in two di erent ways. On the one hand,
18)
On the other hand, by Lemma 2.6,
For ≥ , we have
(2.20)
Therefore, by (2.18), (2.19 ) and (2.20), we obtain the following theorem.
Theorem 2.7 (see [4] ). For ∈ Z, ≥ 1, we have
Now, we consider the following two She er sequences:
, and ( ) ( ) ∼ + 1 2 , .
Let us assume that ( , ) ( ) = =0 , ( ) ( ).
(2.21)
Then, from (1.14), we have
( , ) − ( ). 
